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The determination of the electron mass from Penning-trap measurements with 12C5+ ions and
from theoretical results for the bound-electron g factor is described in detail. Some recently calcu-
lated contributions slightly shift the extracted mass value. Prospects of a further improvement of
the electron mass are discussed both from the experimental and from the theoretical point of view.
Measurements with 4He+ ions will enable a consistency check of the electron mass value, and in
future an improvement of the 4He nuclear mass and a determination of the fine-structure constant.
PACS numbers: 06.20.Jr,31.30.js,12.20.-m,37.10.Ty
I. INTRODUCTION
Recent years have seen a fast progress in the theoreti-
cal understanding and experimental precision of bound-
electron g factors [1–8]. It has also become possible to
determine the atomic mass of the electron me in Penning
trap g factor experiments with light one-electron ions by
means of the continuous Stern-Gerlach effect [8, 9]. The
most accurate value [10, 11] ofme has been obtained from
a recent measurement employing 12C5+ ions.
For an electron bound to an ion and subjected to an ex-
ternal magnetic field of strength B, the Larmor frequency
between the Zeeman sublevels depends on the electron’s
magnetic moment µ by the well-known formula
ωL =
2µ
~
B =
g
2
e
me
B , (1)
with e being the (positive) unit charge, and g the bound
electron’s gyromagnetic or g factor. Calibrating the mag-
netic field at the very position of the ion becomes possible
through a measurement of the frequency of the cyclotron
motion of the ion as a whole,
ωc =
Q
M
B , (2)
where Q and M are the charge and mass of the one-
electron ion, respectively. Combining the two above
equations, the electron mass can be expressed in units
of the ion’s mass as
me =
g
2
e
Q
ωc
ωL
M , (3)
where we assign to the g factor its theoretical value gtheo.
The experimentally determined quantity is the frequency
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ratio Γ = ωL/ωc. As it is clear from Eq. (3), for extract-
ing me to a given level of relative uncertainty, gtheo, Γ
and M need to be known at the same level of relative
uncertainty or better.
In our experiment [10, 11] and in an earlier study [8],
12C5+ ions were employed since the 12C atom defines the
atomic mass unit, and, therefore, also the mass of the ion
is known exceptionally well. Our experiment has been
presented in detail in Ref. [11]. In the current article,
we describe theoretical details of the extraction of the
electron mass, and present a reevaluation which takes
into account newly calculated quantum electrodynamic
(QED) corrections. In addition, prospects of a further
improvement of the electron mass value are discussed,
by employing either hydrogenlike 12C5+ or 4He+ ions.
A measurement with 4He+ also enables in principle a
determination of the 4He mass, and in future the fine-
structure constant α.
II. EVALUATION OF THEORETICAL
CONTRIBUTIONS FOR THE DETERMINATION
OF THE ELECTRON MASS
A great variety of physical effects contribute to the
theoretical value of the g factor. For a free electron, i.e.
at order (Zα)0, the g factor can be parameterized as
gfree = 2
(
C(0) + C(1)
(α
pi
)
+ C(2)
(α
pi
)2
+ · · ·
)
, (4)
with the coefficients C(n) representing the sum of all
contributing n-loop QED diagrams. The leading radia-
tive correction is determined by the Schwinger term with
C(1) = 1/2. For bound electrons, the above formula has
to be extended with terms accounting for the interaction
with the nuclear potential. At low atomic numbers, this
interaction can be taken into account by an expansion
in Zα. Several terms in this expansion have been cal-
culated [2, 3, 19, 41]. Above a certain level of accuracy,
2TABLE I. Values of individual contributions to g
(
4He+
)
, g
(
12C5+
)
and g
(
28Si13+
)
, and some relevant nuclear parameters.
The abbreviations stand for: Matom, M : mass of the atom and the hydrogenlike ion, respectively;
〈
r2
〉1/2
: root-mean-square
nuclear charge radius; “SE” – self-energy correction; “SE-FS” – mixed self-energy and nuclear finite size correction, “VP-EL”
– electric-loop vacuum polarization correction, “VP-ML” – magnetic-loop vacuum polarization correction. An experimental
value for g
(
28Si13+
)
is given as published in Ref. [12], i.e. evaluated with a former, less accurate value of me, which defines the
last error given. See text for details.
Contribution 4He+ 12C5+ 28Si13+ Ref.
〈
r2
〉1/2
[fm] 1.681(4)a 2.4703(22) 3.1223(24) [13]
Matom [u] 4.002 603 254 130(63) 12 (exact) 27.976 926 534 65(44) [14]
M [u] 4.002 054 700 617(63) 11.997 257 680 293 69(97) 27.969 800 594 24(50)
Dirac value 1.999 857 988 825 37(7) 1.998 721 354 392 0(6) 1.993 023 571 557(3) [15]
Finite nuclear size 0.000 000 000 002 30(1) 0.000 000 000 407 4(7) 0.000 000 020 468(31) [16]
One-loop QED
(Zα)0 0.002 322 819 464 85(54) 0.002 322 819 464 9(5) 0.002 322 819 465(1) [17, 18]
(Zα)2 0.000 000 082 462 19 0.000 000 742 159 7 0.000 004 040 647 [19]
(Zα)4 0.000 000 001 976 70 0.000 000 093 422 2 0.000 001 244 596 [2]
(Zα)5+ SE 0.000 000 000 035 42(68) 0.000 000 008 282 6(37) 0.000 000 542 856(60) [5, 20]b
SE FS -0.000 000 000 000 00 -0.000 000 000 000 7 -0.000 000 000 068 [21]
≥ (Zα)5 VP-EL 0.000 000 000 002 52 0.000 000 000 555 9 0.000 000 032 531 [21, 22]
VP-EL FS 0.000 000 000 000 00 0.000 000 000 000 2 0.000 000 000 022 [21]
(Zα)5+ VP-ML 0.000 000 000 000 16 0.000 000 000 038 1 0.000 000 002 540(10) [23, 24]
(Zα)5+ VP-ML FS 0.000 000 000 000 00 0.000 000 000 000 0 -0.000 000 000 001 [21, 23]
Two-loop QED
(Zα)0 -0.000 003 544 604 49 -0.000 003 544 604 5 -0.000 003 544 604 [25, 26]
(Zα)2 -0.000 000 000 125 84 -0.000 000 001 132 5 -0.000 000 006 166 [19]
(Zα)4 (w/o LBL) 0.000 000 000 002 41 0.000 000 000 060 1 -0.000 000 001 318 [2, 3]
LBL at (Zα)4 -0.000 000 000 000 39 -0.000 000 000 031 5 -0.000 000 000 933 [27]
(Zα)5+ S(VP)E 0.000 000 000 000 00 0.000 000 000 000 0(1) 0.000 000 000 009(2) [28]
(Zα)5+ SEVP 0.000 000 000 000 03 0.000 000 000 006 9(3) 0.000 000 000 458(1) [28]
(Zα)5+ VPVP 0.000 000 000 000 03 0.000 000 000 005 5 0.000 000 000 315 [28, 29]
(Zα)5+ SESE (estimate) 0.000 000 000 000 00(2) -0.000 000 000 001 2(33) -0.000 000 000 082(139)
≥ Three-loop QED
(Zα)0 0.000 000 029 497 95 0.000 000 029 497 9 0.000 000 029 498 [30–32]
(Zα)2 0.000 000 000 001 05 0.000 000 000 009 4 0.000 000 000 051 [19]
Recoil
(m/M)1 all-orders in (Zα) 0.000 000 029 202 51 0.000 000 087 725 1 0.000 000 206 100 [6]
(m/M)2+ at (Zα)2 -0.000 000 000 012 01 -0.000 000 000 028 1 -0.000 000 000 060 [33]
Radiative-recoil -0.000 000 000 022 61 -0.000 000 000 067 9 -0.000 000 000 159 [7, 19]
Nuclear polarizability 0.000 000 000 000 00 0.000 000 000 000 0 0.000 000 000 000(20) [34]b
Nuclear susceptibility 0.000 000 000 000 00 0.000 000 000 000 0(1) 0.000 000 000 000(3) [35]
Weak interaction at (Zα)0 0.000 000 000 000 06 0.000 000 000 000 1 0.000 000 000 000 [18, 36]
Hadronic effects at (Zα)0 0.000 000 000 003 47 0.000 000 000 003 5 0.000 000 000 003 [37–39]
Total w/o SESE (Zα)5 2.002 177 406 711 68(87) 2.001 041 590 166 3(39) 1.995 348 957 791(71)
Total w/ SESE (Zα)5 from exp. 2.002 177 406 711 68(87) 2.001 041 590 165 2(51) 1.995 348 957 708(156)
Experiment 1.995 348 959 10(7)stat(7)syst(80)me [12]
a Ref. [40].
b Extrapolation of the cited results.
non-perturbative methods in Zα are also required. The
leading relativistic binding term is [15]
gDirac − 2 =
4
3
(√
1− (Zα)2 − 1
)
, (5)
which needs to be extended with one- to three-loop QED
binding terms as well as effects originating from the nu-
cleus, namely, the recoil contribution and nuclear struc-
tural effects. Further small contributions from nuclear
structure may arise such as the nuclear polarizability cor-
rection. A review of the theoretical results can be found
in Refs. [2, 18]. These contributions have been bench-
marked in Ref. [1] with hydrogenlike Si13+, where an ex-
cellent agreement of theory and experiment was stated.
In Si13+, bound-state effects are magnified as compared
to the case of C5+ due to power scaling in Zα. Therefore,
one can rely on the correctness of theory for C5+ when
extracting the electron mass via Eq. (3).
The experiment on 28Si13+ was repeated later with
a significantly improved precision [12], triggering a fur-
3ther advancement in the theoretical treatment. Non-
perturbative (with respect to Zα) results for a subset
of two-loop QED corrections have been published [28].
In that article, the higher-order remainder in Zα of two-
loop corrections with one or two closed fermionic loops
have been calculated in the Uehling approximation. The
coefficient of the fifth-order term in Zα for the two-
loop vacuum polarization diagrams has been evaluated in
Ref. [29]. In an even more recent publication [27], a vir-
tual light-by-light scattering correction of order α2(Zα)4,
which was neglected in a previous calculation [2, 3], has
been determined. The coefficient of the term was found
to be unexpectedly large. In contrast to the evaluation
of Ref. [10], here we also take into account these new
terms in the determination of me. Table I lists individ-
ual theoretical contributions for hydrogenlike He+, C5+
and Si13+.
The remaining unknown two-loop self-energy correc-
tion at orders higher than (Zα)4, which we denote by
gSE2L (Z), is a major challenge for theory and thus has
not been evaluated yet. One may obtain an estimation
of the effect for He and C ions by means of extraction
of gSE2L (Z = 14) from comparison of the theory and the
experimental result for Si and subsequently rescaling it
from Z = 14 to Z = 2 and Z = 6, respectively. In
analogy to the corresponding Lamb shift contribution,
the higher-order two-loop QED effect is assumed to be
described by the formula
gSESE(Z) =
(α
pi
)2
(Zα)5
{
b50 + b63 · (Zα)L
3+ (6)
b62 · (Zα)L
2 + b61 · (Zα)L+ b60 · (Zα) + . . .
}
,
where L = ln
[
(Zα)−2
]
and terms of higher order with
respect to Zα are not taken into account. In the notation
for the bnl coefficients, n denotes the power of Zα and
l is the power of the logarithmic term. The expansion
coefficients with n ≥ 5 have not been calculated thus
far. Formally, the leading contribution to the right-hand
side of Eq. (6) is related to b50, but, in principle, the
logarithmically enhanced terms of the next order may
also be significant.
We determine b50 as follows: First, we restrict our-
selves to the leading term in Eq. (6) which only includes
the b50 parameter. Then, a comparison of the experi-
mental and theoretical value reads
gexp (Z) = g
∗
th (Z) +
(α
pi
)2
(Z α)5 b50 , (7)
where g∗th(Z) denotes the theoretical prediction for the g
factor including only the known corrections, i.e., without
gSESE(Z). The relation between gexp (Z) and the fre-
quency ratio Γ determined in an experiment follows from
Eq. (1) and (2),
gexp (Z) = 2
Q
e
me
M
Γ , (8)
with Q/e = Z − 1, and employing it along with Eq. (7)
we obtain a set of equations for C and Si, namely,
(α
pi
)2
(6α)5 b50 =
10me
M(12C5+)
Γ(12C5+)− g∗th (6) , (9)
(α
pi
)2
(14α)5 b50 =
26me
M(28Si13+)
Γ(28Si13+)− g∗th (14) ,
(10)
with the ions’ masses depending on the electron mass
through the formula
M
(
AXq+
)
=M
(
AX
)
− (Z − 1)me (11)
+
∣∣Eb (AX)− Eb (AXq+)∣∣ ,
where Eb
(
AX
)
is the binding energy of electrons in an
atom X, expressed in unified atomic mass units (u), and
Eb
(
AXq+
)
is the binding energy of the electrons in an ion
AXq+, also in u. Specifically, binding energies for 12C5+
ions can be found in Ref. [42], whereas for 28Si13+ ions
in Ref. [43]. For the purpose of our calculation, it is suf-
ficient to substitute some old value of the electron mass
(e.g. from Ref. [44]) in the above formula since it is small
compared to the nuclear mass. Therefore, we can treat
the ions’ masses on the right-hand sides of Eqs. (9-10) as
known parameters. Those equations can then readily be
solved for the variables me and b50, namely,
me =
[243 g∗th (14)− 16807g
∗
th (6)]M(
12C5+)M(28Si13+)
2
[
3159M(12C5+)Γ(28Si13+)− 84035M(28Si13+)Γ(12C5+)
] , (12)
b50 =
pi2
[
13g∗th (6)M(
12C5+)Γ(28Si13+)− 5g∗th (14)M(
28Si13+)Γ(12C5+)
]
32α7
[
84035M(28Si13+)Γ(12C5+)− 3159M(12C5+)Γ(28Si13+)
] . (13)
An obvious source of uncertainty of our value ofme origi-
nates from the uncertainties of the quantities in Eqs. (12)
and (13). That contribution can be obtained according
to the standard error propagation formula. The theory
values occurring in Eqs. (12), (13) together with their un-
certainties read: g∗th
(
12C5+
)
= 2.001 041 590 166 3(39),
4g∗th
(
28Si13+
)
= 1.995 348 957 791(71). The uncertainties
of relevant contributing corrections can be found in Ta-
ble I. The ion masses are given in Table I, the inverse of
the fine-structure constant occurring in Eqs. (12), (13)
is α−1 = 137.035 999 139(31) [18], and the experimen-
tal values are Γ(12C5+) = 4376.210 500 872(102)(69)
(Ref. [11]) and Γ(28Si13+) = 3912.866 064 99(13)(13)
(Ref. [12]). The absolute electron mass uncertainty re-
sulting through error propagation via Eq. (12) equals
δstme = 1.57 · 10
−14 u.
Another source of uncertainty is the presence of un-
known b6k parameters in Eq. (6). Clearly, one cannot
rigorously fit more than one b parameter since one has
only two equations at hand. Therefore, we tested var-
ious configurations of the b′s to asses the sensitivity of
our results due to changes of these parameters. Our es-
timation obtained this way is δbme = 8 · 10
−16 u. This
uncertainty was linearly added to δstme. Our final value
for the electron mass reads
me = 0.000 548 579 909 065(16) u. (14)
This value is shifted upward by 0.3 σ with respect to
earlier evaluations of the same experimental data [11, 18]
due to the inclusion of light-by-light scattering terms of
order α2(Zα)4 [27].
III. FURTHER POSSIBLE IMPROVEMENTS
Currently, the relative uncertainty of gtheo for C
5+ is
an order of magnitude better than that of Γ, i.e. it does
not hinder an improvement of me. A further enhance-
ment of the accuracy of the experimental frequency ratio
Γ is expected for any ion from the currently commissioned
Penning-trap setup ALPHATRAP at the Max Planck In-
stitute for Nuclear Physics [45, 46]. Presently, the main
limitations for such measurements are the interaction of
the ion with the trap electrodes (”image charge shift”)
and the thermal distribution of the ion’s kinetic energy.
The ALPHATRAP setup will drastically reduce both ef-
fects. A larger trap diameter decreases the image charge
effect by almost two orders of magnitude compared to the
Mainz g factor experiment, and sympathetic laser cooling
of the highly charged ions can potentially eliminate the
limitation arising from the thermal distribution. Com-
bined, these improvements pave the way for a significant
– approximately one order of magnitude – improvement
in the measurement of the g factor especially of light ions.
Table I shows that on the theoretical side, the main
limitation arises from the accuracy of one-loop SE terms
of order (Zα)5 and higher, which have been extracted
from numerical calculations [5, 20]. For low charge num-
bers, such calculations are restricted by severe numerical
cancellations. A significant improvement will neverthe-
less be possible in the nearest future [47].
Another possibility to determine me could be to em-
ploy an even lighter hydrogenlike ion, where QED bind-
ing corrections are further scaled down. At the cur-
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FIG. 1. Comparison of the uncertainties of the g factor due to
the uncertainty of the finite nuclear size effect (black dots) and
that of the current fine-structure constant (continuous line).
Z is the atomic number, and nuclear rms charge radii and
their uncertainties were taken from Ref. [13]. The dashed line
shows the current absolute experimental error [10, 11], which
at the same time determines the current error due tome. The
uncertainties due to errors of the ion masses are shown for the
elements discussed (empty squares).
rent level of experimental accuracy, the lightest such ion,
namely, He+ would deliver a valuable consistency check
of the electron mass determination. One may extract me
from a He+ measurement just as accurately as from C5+,
assuming the same fractional accuracy of Γ in both exper-
iments. A combined analysis including the He+ data and
an accordingly extended system of equations [see Eq. (9)
and (10)] would lead to a slightly reducedme uncertainty
even at the present level of experimental accuracy. The
theoretical value of the g factor has a significantly better
relative accuracy for He+ than for C5+ due to power scal-
ing: e.g., terms of order (Zα)5 are scaled down by a factor
of 35 = 243, i.e. by more than two orders of magnitude.
In case of He+, therefore, there is no need to estimate the
so far uncalculated higher-order two-loop terms from the
Si experiment, nor include the very recently calculated
virtual light-by-light scattering contributions.
With a further improvement of experimental accuracy
by, e.g., the ALPHATRAP experiment, one can further
improve me both from C
5+ as well as from He+. How-
ever, this improvement is limited approximately to a fac-
tor of 2 with He+ due to the current relative accuracy [18]
δM/M = 1.6 ·10−11 of the He+ ion mass. The QED the-
ory is not a limitation yet at this level, nor the C5+ ion
mass. At an even higher level of experimental accuracy
(more than a factor of 3 better than now), a similar ex-
periment on 4He+ will allow an improved determination
of the 4He+ ion’s mass by solving Eq. (3) forM , provided
that a corresponding improvement of the electron mass
will have been achieved with C5+ or by some alternative
means. We note that the 4He mass is also planned to
be measured by the THe-Trap experiment with an antic-
ipated fractional accuracy of 10−11 [48].
5Let us discuss now the prospects of determining the
fine-structure constant from a measurement with He+.
It can be extracted from the g factor, and the latter is
determined by solving Eq. (3) for g. Therefore, a compet-
itive determination of α is limited by the fractional ac-
curacy of me, M , Γ, and gtheo. Typically, the theoretical
value of the g factor is limited by the insufficient knowl-
edge on nuclear parameters such as the charge radius. In
the light He+ ion, nuclear size effects are naturally very
small; furthermore, the leading dependence on α does not
stem from binding effects, i.e. those scaling with some
power of Zα, but from the leading free-electron QED
contribution, the Schwinger term α/pi. Fig. 1 shows that
He+ is the only H-like ion where the error of the g factor
due to the present uncertainty of α is larger than the er-
ror due to the nuclear size effect. Therefore, an improved
determination of α is possible at all. This will require,
however, an improvement in the measurement of the fre-
quency ratio Γ by two orders of magnitude or better, a
similar enhancement of me from a C
5+ ion measurement
or from some other source, and an improvement of the
4He nuclear mass by some independent means.
We note that for other elements where the nuclear un-
certainties limit the determination of the fine-structure
constant, schemes have been put forward to suppress
nuclear structural effects. These contributions can be
largely cancelled by appropriately chosen weighted dif-
ferences of the g factor of a hydrogenlike ion and the
g factor corresponding to some another charge state of
the same element [49–51], enabling a competitive extrac-
tion of α.
The determination of α from the g factor of the lightly
bound electron in He+ is closely related to the deter-
mination from the g − 2 of the free electron, with the
difference that theoretical binding corrections need to be
subtracted first from the measured g factor. After a fore-
seeable improvement of the numerical accuracy of the
one-loop binding self-energy correction [47], such an ex-
traction of α is, from a theoretical point of view, is domi-
nantly limited by the accuracy of free-electron QED (see
Table I). On the experimental side, the measurement of
the bound electrons g factor differs significantly from that
of the free electron. In the latter case, about three orders
of magnitude in precision is gained by directly measur-
ing g − 2 ≈ 0.002 rather than g ≈ 2, which exploits the
similarity of the electrons cyclotron and Larmor frequen-
cies. For the bound electron, these two frequencies are
however very dissimilar, thus the cyclotron frequency of
the heavy ion has to be measured about three orders of
magnitude more precisely to achieve a comparable preci-
sion. An advantage employing ions may be however the
large reduction of relativistic shifts, which pose a severe
limitation for free electrons.
IV. SUMMARY
We presented an evaluation of the electron mass from
Penning-trap measurements of the Larmor and cyclotron
frequency ratio Γ of a hydrogenlike 12C5+ ion, and the
corresponding theoretical value of the bound-electron
g factor. So far uncalculated two-loop self-energy correc-
tions of order (Zα)5 or higher were estimated from the
measured g factor value of the 28Si13+ ion. This evalu-
ation includes, in contrast to Ref. [10], results of a non-
perturbative calculation for the VPVP and SEVP correc-
tions [28], and a two-loop virtual light-by-light scattering
contribution of order α2(Zα)4 [27]. The latter causes a
shift of the extracted electron mass by 0.3 σ.
Prospects of further improvingme with
12C5+ or 4He+
ions were discussed. Measurements on the latter sys-
tem also allow in principle an enhanced determination
of the 4He mass. A competitive determination of the
fine-structure constant might be achieved in future from
a measurement with 4He+ ions, once an experimental
improvement of Γ by two orders of magnitude becomes
possible.
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